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In this talk, | will explain the first paper of Prof. Mochizuki's theory of
IUT. The talk is divided into three parts as follows:

@ The motivation of Hodge theaters
@ The goal of Hodge theaters

@ The construction of Hodge theaters (in particular, the étale picture!)
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§1: Motivation of Hodge theaters
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e F'/Q: a number field

@ Op: the ring of integers of F'

e E/F': an elliptic curve s.t. E admits a semi-stable model £/OF

e V(F): the set of places of F

o V(F)monbad: the set of non-arch. places v s.t. B, E|p, has bad

reduction, where F,, denotes the local field at v

e /: a prime number distinct from p, for all v € V(F)mombad where p,
denotes the characteristic of the residue field of F),

htg: Faltings height of

Goal: We hope that htg can be bounded for all elliptic curves satisfying
the above conditions.

Yu Yang (RIMS, Kyoto University) Constructions of Hodge Theaters September 2, 2021 4 /58



Note that E, = G,,/q% « Gy, D py for all v € V(F)ronbad and that
0— e — Eyl) > Z/IZ — 1.

Global multiplicative subspaces (=GMS)

We shall call H C E[{] a “GMS" if H|f, coincides with 1, for all

v € V(F)rombad - This means that there exists a Galois étale covering

Y — FE corresponding to H such that Y, — F, is a topological covering
of dual semi-graphs for all v € V(F)ron-bad,

If “GMS" exists, then by some standard discussions of Diophantine
geometry, we may obtain that htg can be bounded. However, we have

#{E/F s.t. GMS exists}< cc.
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Goal of IUT: We want to do similar discussions for arbitrary elliptic
curves over number fields.

The first step: We need an analogue of “"GMS" for arbitrary elliptic
curves.

IUT’s answer: It's “Hodge theaters”
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82: Goal of Hodge theaters

Reference

Section 1 of “S. Mochizuki, The étale theta function and its
Frobenioid-theoretic manifestations. Publ. Res. Inst. Math. Sci. 45
(2009), 227-349."
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Local theory (over non-archimedean bad places)

@ ¢/ >> 0: a prime number

@ p > 3: a prime number s.t. p# £
@ k: a p-adic field

@ Oy the ring of integers of k

® X 2 Gy /g% an elliptic curve over k with bad reduction (i.e., Tate
curve)

e X!°8: the log stable curve over k determined by the zero point of X
Moreover, we assume that

o V/—-1€k

e X|[2/)(k) = X[2¢](k), where k denotes an algebraic closure of k
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Then we have the following commutative diagram of cartesian squares of
tempered coverings:

ylos 1, yrlog
| al
Xlog .ﬁé__) ylog
ZZl EZl
Xlog L} Xlog % xlog

The above coverings are defined in the next page via a picture of special
fibers.
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The special fibers of the above commutative digram is as follows:

i
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On the other hand, let us fix a cusp Ox (i.e., zero cusp) of X. Then the
image of Ox of X — X is the zero cusp (or the zero point) Ox. The
curve (X, Ox) can be regarded as an elliptic curve over k. Thus, we obtain

Xlog Z/tL Xlog
+1 l +1 l

Clog degree ¢ Clog

¢ — )

where Clog & [&log/{il}] and Clos [X'°g /{+1}] denote the

quotient stacks.

Moreover, there exists a unique irreducible component Oy € lrr(X) such
that the reduction of Ox is contained in Ox , where Irr(X,) denotes the
set of irreducible components of X.
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Let Oy, € Irr(Y) be a lifting of Oy . Then we obtain a labeling
Z S (Y Ser(Yy) S Irr(zs)

such that 0 — Oy,. Moreover, we put
o u_ € X(k): 2-torsion point whose reduction is contained in Ox_
o 1Y € Y(k): the unique lifting of _ s.t. the reduction is contained in

Oy,
o & eY(k): j-pu¥ (with the action of j € Z = Aut(Y'°8/ X1o%))
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We have the following definition.
Definition 1

We shall call a lifting of £ € Y'(k) in Y (k) an evaluation point of Y02
labeled by j € Z (= Irr(Ys)). Moreover, we shall call a lifting of an
evaluation point of Y (k) labeled j in Y (k) an evaluation point of Xlog
labeled by j € Z (= Irr(Ys) 5 Irr(YS)Y B

Moreover, we have the following picture:
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We have the following diagram of special fibers:

\i‘s 7nl\:fi“)':g_

R
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Non-archimedean O-functions
We put

272’3}73}

the p-adic formal schemes whose Raynaud generic fibers are g g Y Y,
and whose special fibers are gs gs, YS Y, respectively.

Write 05 € Irr(Y;) for the irreducible component over Oy, € Irr(Y;) and
U C y, Ll C Y for the open formal subschemes such that

Uy = 0y \ VI8 (= Gun), Us =0y, \ Yo7 (= G).

Then U is isomorphic to the p-adic formal completion of G, o, with
multiplicative coordinate U € I'(U, Oy). Moreover, we put

U VU e T, 0p).
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We have the following function on Y

O() = g - S (—1)m - gp a2,
nez

Moreover, we define a function
def . =
© = ©O(an evaluation pt labeled by 0) - ©

on g which can be regarded as an “/-th root” of © (in the sense of
cohomological classes). Note that there are exactly two evaluation points
labeled by 0 in Yy, and that we have

©O(an ev. pt labeled by 0) = —©(another ev. pt labeled by 0).

Values of © at evaluation points

We put ¢ def q%é. Then ©(an evaluation pt labeled by j) € g -gjz.
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Let V(F)rombad he the notation introduced in §1. Moreover, we denote by
©  the function defined above at the place v € V(F)mombad gych that v is
not over 2. Then we have

+1 42 ... 4§
0 = q¢ ¢ ... ¢
—v =3 =V =v

The Goal of Hodge theaters: Roughly speaking, Hodge theater (at
least, the étale part) is a virtual “GMS" for an arbitrary elliptic curve over
a number field which manages

© -values for all non-archimedean bad places (with their labels)
via anabelian geometry.
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§3: Initial O-data

Reference
Section 3 of “S. Mochizuki, Inter-universal Teichmiiller theory I:
Construction of Hodge theaters. Publ. Res. Inst. Math. Sci. 57 (2021),

3-207."
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Firstly, we have the following notation:
@ F':a number field s.t. v—1€ F
@ F : an elliptic curve over F' s.t. F has stable reduction at all

v E V(F)non
@ ¢/ >5:a prime number s.t. £ £ p, for all v € V(F)nonfbad
o K= F(E)
@ Floq : the field of moduli of £

o X ¥ E\ {05}

o C ¥ [x/{+1}]

Furthermore, we assume that

e E[6](F) = E[6](F), where F' denotes an algebraic closure of F'

o Ck e o xp K is a "K-core” (i.e., a terminal object in the category

of étale coverings and quotients of Xy over K)
o F'/Fi 04 is Galois
o SLy(Fy) CIm(Gp — Aut(E[{]) (= GL2(Fy))
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Let X, — Xk ef x X K be an étale covering with Galois group Z/(Z.
Note that #(X %"\ X ) = £. Just like the local theory recalled above, we
fix a cusp Oy, € X;?t \ X and call it zero cusp. Then (K‘}?t,OKK) is

an elliptic curve over K. In particular, there exists a {£1}-action on X .
Thus, we have

7./07.
X, 7 xg

ill ill
degree ¢
QK CK)

where C' o [X j/{£1}] denotes the quotient stack. Moreover, we fix a

non-zero cusp
€

of C (i.e., the image of a cusp € X'\ (X x U {Ox,.})).
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We put the following
e VC V(K): asubset s.t. the natural map V < V(K) — V(Fj0q) is
a bijection
e VPd Cy. g, non-empty subset s.t. for every v € yhad the following
are satisfied: (i) E has bad reduction at v; (ii) X, — X, induces a

topological covering of their dual semi-graphs; (iii) the reduction ¢, of
€ is the cusp of C\%8 labeled by T € F,/{*1} (= Cusp(C}>®)); (iv) the
image of the natural map V24 < V(K) — V(F0q) — V(Q) does
not contain 2. Then for each v € ybad, we have the local theory
explained in §2.

o Yeood def y\ybad. Note that E,, v € V&°°d has bad reduction in
general.
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We shall call
(F/F,E, 0,C,V, VP2 ¢)

an initial ©-data. From now on, we fix an initial ©-data, and in the
reminder of my talk, | will explain the following diagram which is
constructed from the given initial ©-data (I only explain the constructions
at non-archimedean places which are the most important cases in the
original form of IUT):
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Many constructions appeared in the above picture are not difficult to
understand from geometry of coverings of curves. On the other hand, in
IUT, we need to share information via various links between different
Hodge theaters (or different universes) by using fundamental groups (via
anabelian geometry), then we need some group-theoretical descriptions.

Yu Yang (RIMS, Kyoto University) Constructions of Hodge Theaters September 2, 2021 24 / 58



84: Construction of D-ONF-HT

Reference
Section 4 of “S. Mochizuki, Inter-universal Teichmiiller theory I:
Construction of Hodge theaters. Publ. Res. Inst. Math. Sci. 57 (2021),

3-207."
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In the section, | explain the right-hand side:

D - ONF - T
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D-prime-strips

We put
o e [ 7P or BR(XL0), i e v
“ Wft(gg) (or Bét(gg)o)a ifve ngOd

where B(—)? denotes the subcategory of the Galois category B(—)

consisting of connected objects, and gy def gK X g K, is determined by
(Ck, €) via the picture in the next page:
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Let DY {Dy}vev. Then we put

def ~
D = {D>,y}yey (: TD)a

where D, , =D, forallv € V.

Let F; def Fy/{£1}, V€ F/, a copy of V, and D; def {ng}yjeyj.
Then we put
def
Dy = {Dj}jer,

def 5
where J = F;*. Moreover, we put

DO L 78(Cye) (or BE(Cy)").
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X-symmetry (on cusps)
For every v € V, recall the following commutative diagram:

¢
X, xpxk, 25 X, Xy x K,

j:ll :I:ll
def degree /¢ def
C, = Cx xx Ky =255 0, F Ok xk K,.

We put
LabCusp,, 4 the set of non-zero cusps of C,,.

Then we have

LabCusp, 5 FF (X B /{#1}) = (%, 0% —1,...,2,1,-2,..., —(*},

where ¢, — the image of 1 in F; and ¢* e (¢—1)/2.
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Moreover, we put
LabCuspy 4 the set of non-zero cusps of Cp.
Then there exists a natural bijection
LabCusp, 5 LabCuspg, v €V,
via the natural homomorphism Q2 — C'j. This means that the sets

{LabCusp, }vev

can be managed by LabCuspy via the above bijections.
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On the other hand, since Cj is a “K-core”, we have
Aut(Cr) — Gal(K/Fod)-

Moreover, we define a subgroup

Aut(Cr) & {0 € Aut(Cy) st o(e) = €}

Let E[¢](F) — Q(= Fy) be the quotient determined by the Galois étale
covering X ;- — Xg. Then we have the following

LabCuspyc = ({Q ~ Ox, 1\ {Ox, }) {1

= (Q@\{0})/{=1}.

Thus, we obtain an exact sequence

1= Aut (Cr) = Aut(Cr) — Aut(Q)/{£1}(=FF) — 1.
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This means
Aut(Cg)/Aut(C) = F.

By using anabelian geometry, we have a group-theoretical version of the
above isomorphism:

Aut(D?)/Aut (D) = F}

and Aut(D®)/Aut (D) is a sub-quotient of the Galois group of the
extension of number fields Gal(K/Fi04). Moreover, we obtain the
following action (=X-symmetry arising from arithmetic):

Aut(D®)/Aut (D) ~ LabCuspy (= F} ~ Ff).
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-
(Model) D-NF-bridge
Let v € V. We put

Guy : Dy = D°
induced by X — C, = C ifv e V™ and X, = C, — C if
v € V&4 We put (as a poly-morphism (i.e., a set of morphisms))
NE 4 Aut (D) 0 ¢)F o Aut(D,) : D, — D°.
Recall that V;, j € Ff, a copy of V. We write

def
D] :e {Dyj }Bjeyj"

where Dyy_ =D,. Let

NF def ;  NF
¢1 — {(byl }yleyl N Dl — D@

be the poly-morphism determined by gzbleF, v, €Y.
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Since Aut (D?) - ¢Y'F = ¢['F (i.e., stable under the action of Aut(D®) by

definition), we obtain an action of F} = Aut(D®)/Aut(D®) on ¢}¥'.
Moreover, we put

NF A5 NP Dy 5 DO, j e FE.
We shall call the poly-morphism

d f def
5 S A Y jers 1 Dy (or Ds) = {Dj}jeps — D°

the (model) D-NF-bridge (recall J =TF).
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(Model) D-O-bridge
We put

def
D> = {D> v}vGVa

where D, , = D,,.

Let v € V"2 Then we have the following morphism

52 : Dy, (=2 D,) @» Gal(K,/Ky,) @) D,, j € F¥,

where (D is the natural surjection Wip(év) — Gal(K,/K,). Let us explain

@. B
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Recall the tempered coverings whose special fibers are as following:

/Tj\

1

2 XP/‘;?X

A
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Note that {e{, e vez}jeﬂ?j are K, -rational points of ég. Then we define
@ to be “the Galois section determined by a point of {e],.. eé}jew”
(roughly speaking, {e], .. ez}]ew is a finite approximation of evaluation

points explained in §2 and the GaI0|s sections contains the informations of
values of © explained in §2). Then we have information about values of

theta functions.
We put (as a poly-morphism)
def ~ , .
Sj = Aut(Ds ) o gbg_ oAut(Dy,) : Dy, = D>, j € Fy.
On the other hand, let v € V&°°d We put (as a full poly-isomorphism)

¢2 : Dyj (2Dy) = Dsp(ZDy), j € Fy.
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Moreover, for global case, we put

def def

d f
@ = {qsv }v EV D {D }v EV — D> {D> ’U}’UEV

Then we have

df def
@ = {¢J }JGJdef : Dy (or Dy) = {Dj}jeJ — D>

and shall call ¢9 the (model) D-O-bridge.
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Summary
We have D-ONF-HT as following

NF
Px

¢Q | def def .
- = {D']}]GJdethé § {{DEJ}QJEYJ}]GJ — DO

def
= {Ds w}oev < Dy =

D>:

and, for each j € J, the maps of sets of cusps (as Ff—torsors)

©

qb;fc : LabCusp(D®) = LabCusp(D,) = LabCusp(Ds), €+ j.
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§5: Construction of D-0°-HT

Reference
Section 5 and Section 6 of “S. Mochizuki, Inter-universal Teichmiiller

theory |: Construction of Hodge theaters. Publ. Res. Inst. Math. Sci. 57
(2021), 3-207."
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In this section, we explain the left-hand side:
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B-symmetry (on cusps)
For each v € V, we put

LabCuspyi 4 the set of cusps of X, .
Then we have the natural action of Gal(X,/C,) = {£1} on
LabCuspy = F, = {¢*,...,1,0,—1,...,—*}.
On the other hand, we put

LabCusp}t( 2 the set of cusps of X .

Then we may manage the sets of cusps {LabCuspyi}yey via the natural
bijection induced by X, — X

LabCusp;t = LabCuspf(, veV.
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We put

def
D, = {D>,y}gey7

where Dy, = D,. Note that LabCusp;E can be mono-anabelian
reconstructed from D, ,. On the other hand, we put

DO+ E (X ) (or BE(X ()0,

Note that LabCusp}S can be mono-anabelian reconstructed from D®%.
Then we obtain a group-theoretical version of the above bijection of cusps:

LabCusp® (D,.) = LabCusp™(D®%).

We may identify LabCusp® (D,.) with LabCusp7;(D®*) via the above
bijection. Moreover, there is a natural action

Auts (X ) (22 F7* € Fy x {£1}) ~ LabCusp (= Fy).
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In fact, the above action can be expressed group-theoretically. We put
Auts (DOF) % ker(Aut(DF) — F¥),

where the homomorphism is determined by the quotient E[¢](F) — @ and
Q = Fy is introduced in §4, and put

Auteysp (DOF) C Aut(DOF)

the subgroup of automorphisms which fix the cusps of X ;. Then we have
the following action (=H-symmetry arising from geometry):

(Autg (X i) =) Auts (D) /Auteusy(D°F) ~ LabCuspy (DF)

which can be regarded as
F;= ~ Ty

by using .
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N
(Model) D-O%-bridge
Let T = LabCusp}t((D@i) > {¢*...,1,0,—1,...,—¢*} with action of
F?i and V,, t € T, a copy of V. We put a poly-isomorphism

Auty (D®F)-orbit

+
¢yet : Dy, (= Dy) - Dy o,

where, roughly speaking, Aut (D®%) C Auty (D®%) is the subgroup such
that o( “positive labels”) = “positive labels” for all o € Aut, (D®F).
Moreover, we put

def def
= {Dyt}yteyt — D, = {Dw w}vev-

ot def ot .
t = d@t }yteyt : Dy
Then we shall put
ot def + def
@i = (/5? beer : Dr (or D) = {Di}ier — D

and call gbgi the (model) D-©%-bridge.
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(Model) D-6¢"-bridge
For v € V, we put

¢eell Dv N D®:|:
the morphism determined by the natural morphism ég — Xy — X if
ve V™ and X, - X, - Xy if ve V& Write

ell d f ell 5
b = Auteusp(DF) 0 ¢, 0 Aut((Dy,) : Dy, — D°F,

Yo v

def

@ell def @ell =+
by = = {Dy, }vyev, — D=

}vOGVO Dy
Note that since
t €T (2Fy) CF* = Auts (DOF)/Auteus (DF) A ¢

we put
@ell def 9911 def @:I:
t t- qb {th }UtEV —D
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We shall put
ell d f ell def -
O : {¢O ber : Dr = {Ditier — DOE
and call (;Sge“ the (model) D-0°-bridge.

Summary
We have D-OF-2{T as following:

ell
(b@

- lof def
- {D- }LGV DT = {Dt}teT(NFU = {{va}u ey, }LGT DOt

Note that we do not have any information about theta functions by the
definition of D-©%°_2{T". To obtain that, we need to “glue’ D-0*°l-HT
with D-ONF-HT.
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66: ©*°'NF-Hodge theaters

Reference
Section 6 of “S. Mochizuki, Inter-universal Teichmiiller theory I:
Construction of Hodge theaters. Publ. Res. Inst. Math. Sci. 57 (2021),

3-207."
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D-ONF-Hodge theater
We shall call

¢NF

TD> TDJ fp®

a D-ONF-Hodge theater if it is “isomorphic” to (i.e., poly-isomorphisms
"'D. 5D, 1Dy 5 Dy, ID® 5 DO satisfy certain compatible conditions)

© NF
D>?—DJ¢ D°.
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D-0*_Hodge theater
We shall call

(j__z:t (jzel] )
fp, & tpy 75 tpet
a D-0*_Hodge theater if it is “isomorphic” to (i.e., poly-isomorphisms
"D 5D, IDr 5 Dy, TDOF 5 DOF satisfy certain compatible
conditions)

eell
D>¢ DTd) DO,
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D-0*°INF-Hodge theater
We put the following identifications (i.e., “a gluing")

(TANA{0})/{=£1} = J.

Then we can construct a D-O-bridge

def
= {Di}ies — TD>

+
feQ11627] - Ty
from any D-OF-bridge Tgbgi : "Dy — YDy, Then we shall call a triple
(D-0*-HT, D-ONF-HT, 169 [[62"] = 149)

D-0*INF-Hodge theater.
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Then we obtain the following diagram mentioned above.

D - @ ANE 4T
©-6er - ®IF &7
¥ o N @"}
d)} ZLHEMA ef,:' a: i\ jb)
-0l ' ’ D-®- b
] Do by
- kg by dutfy 3= L(T\f,,y> "
a & ) t e
TR, B, v geg® W
-g' D ~NF - b
Q)*@ A]( L J/ 4 g W x]t
f, Lo
103@_*
b B B porie-ge - %‘Q |
3 e Vom  anchuatic
o e yoresny La:a\mm Y
Coe, HEH-Sywm 5 ) ar
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Frobenioids
Let D be a D-prime-strip (i.e., a fundamental group or (the subcategory of
connected objects of) a Galois category). We put

§

the Frobenioid whose base is D. Roughly speaking, § is a category over D
whose objects are “rational functions” on objects (i.e., coverings) of D.

O©*°'NF-Hodge theater
We obtain the following which is called ©*INF-Hodge theater, and
whose base is D-OF°INF-Hodge theater:
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Thank you for the attention!
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